Abstract: In this paper, we establish the Composition-Diamond lemma for λ-differential associative algebras over a field K with multiple operators. As applications, we obtain Gröbner-Shirshov bases of free λ-differential Rota-Baxter algebras. In particular, linear bases of free λ-differential Rota-Baxter algebras are obtained and consequently, the free λ-differential Rota-Baxter algebras are constructed by words.
Introduction
Let K be a field and λ ∈ K. A differential algebra of weight λ, namely, a λ-differential algebra (see [15, 16] ), is an associative K-algebra R with a λ-differential operator D : R → R such that D(xy) = D(x)y + xD(y) + λD(x)D(y), ∀x, y ∈ R.
A Rota-Baxter algebra of weight λ (see [2, 19] ) is an associative K-algebra R with a Rota-Baxter operator P : R → R such that P (x)P (y) = P (xP (y)) + P (P (x)y) + λP (xy), ∀x, y ∈ R.
of free λ-differential algebras firstly. For the detail of the free λ-differential algebras, see [15, 5, 16] .
Let X be a set, D a symbol and
where D 0 (x) = x.
Let S(D ω (X)) be the free semigroup generated by D ω (X). Denote KS(D ω (X)) the semigroup algebra over the semigroup S(D ω (X)). Extend linearly D : KS(D ω (X)) → KS(D ω (X)) in the following way: for any u = u 1 u 2 · · · u t ∈ S(D ω (X)), where u i ∈ D ω (X), define D(u) by induction on t:
If t = 1, i.e., u = D i (x) for some i ≥ 0, x ∈ X, then
If t > 1, then
Theorem 2.1 ( [5, 15, 16] ) (KS(D ω (X)), D) is a free λ-differential algebra on X.
Secondly, we construct free λ-differential associative algebras with multiple operators. Let
where Ω n is the set of n-ary operators, ary (δ) = n if δ ∈ Ω n . Define
where
{δ(y 1 , y 2 , · · · , y t )|δ ∈ Ω t , y i ∈ L 0 , i = 1, 2, · · · , t}.
For n > 1, define
If this is the case, then we define bre(v) = n.
Let D X; Ω = KL(X) be the semigroup algebra over L(X). Then, similar to Theorem 2.1, D X; Ω is a λ-differential algebra.
For any θ ∈ Ω n , define
and extend linearly θ : D X; Ω n → D X; Ω . Then it is easy to see that D X; Ω is a free λ-differential associative algebra on X with multiple operators Ω. Now, we describe the elements in L(X) by labeled reduced planar rooted forests, see [9, 12] .
For any x ∈ X 0 , x can be described by a labeled reduced planar rooted tree • x . Then for any element v = D i (x), i ≥ 1 can be described by
i times, or shortly,
which is called a labeled reduced planar rooted forest. For example, if
, then u can be described by
For any u ∈ Ω(L 0 ), say u = θ n (u 1 , . . . , u n ) where each u i ∈ L 0 , u can be described by • θn
. . , n), v can be described by labeled reduced planar rooted forest:
With the above way, we can describe all the elements in S(X) by labeled reduced planar rooted forests.
Therefore, each element in S(X) corresponds uniquely to a labeled reduced planar rooted forest.
The following proposition is useful in the next section.
Proof: If λ = 0, the result is clear. Assume that λ = 0. Induction on n. For n = 1, 2, the result is clear. Now we assume that for n − 1 the result is true. Since
and by induction, we have
3 Composition-Diamond lemma for λ-differential associative algebras with multiple operators
In this section, we introduce the notions of Gröbner-Shirshov bases for λ-differential associative algebras with multiple operators and establish the Composition-Diamond lemma for such algebras. Let X be a set and D X; Ω the free λ-differential associative algebra with multiple operators Ω. For any u ∈ L(X),
is called the depth of u. Let deg Ω (u) be the number of the occurrences of θ ∈ Ω in u, for
Let X and Ω be well ordered. We define an ordering > on L(X) = n≥0 L n by induction on n.
Suppose that n > 0. We order L n in three steps.
It is easy to check that > is a well ordering on L(X). Throughout this paper, this ordering will be used.
Then for any 0 = f ∈ D X; Ω , f has a leading termf and
. . , m and 0 = α i ∈ K. Denote by lc(f ) the coefficient of the leading termf . If lc(f ) equals 1, we call f monic. The proof of the following lemma is straightforward.
Proof: Clearly, by using induction on i, (ii) follows from Proposition 2.2. Now, we prove (i). In Proposition 2.2, we have
We prove the result by induction on i. For i = 0 or 1, the result is clear. Now we assume that the result is true for i − 1, i ≥ 2. Since
by (1) and by induction, we have
Let D X; Ω be a free λ-differential associative algebra with multiple operators Ω on X and ⋆ / ∈ X. By a ⋆-Ω-word we mean any expression in L(X ∪ {⋆}) with only one occurrence of ⋆. The set of all ⋆-Ω-words on X is denoted by L ⋆ (X).
Let u be a ⋆-Ω-word and s ∈ D X; Ω . Then we call u| s = u| ⋆ →s an s-Ω-word.
In
Similarly, we can define (⋆ 1 , ⋆ 2 )-Ω-words as expressions in L(X ∪ {⋆ 1 , ⋆ 2 }) with only one occurrence of ⋆ 1 and only one occurrence of ⋆ 2 . Let us denote by
If u| s = u| s , then we call the s-Ω-word u| s a normal s-Ω-word.
Note that not each s-Ω-word is a normal s-Ω-word, for example, if
and s = xy + 1, then u| s is not a normal s-Ω-word. However, if we take
By this way, we can easily prove the following lemma. 
By Lemmas 3.1, 3.2, we have
Let f, g ∈ D X; Ω be monic. Then, there are two kinds of compositions.
) the intersection composition of f and g with respect to w.
the including composition of f and g with respect to w.
Remark: In (i) and (ii), lc(D
In the above definition, w is called the ambiguity of the composition. Clearly,
where Id(f, g) is the ideal of D X; Ω generated by f, g. It is noted that by an ideal I of D X; Ω we mean I is an ideal of D X; Ω as associative algebra and closed under D and Ω.
By Lemma 3.4, we have (f, g) w < w.
Let f, g ∈ D X; Ω withf = u| D i (g) for some u ∈ L * (X). Then the transformation
is called the elimination of the leading word (ELW) of f by g. Let S be a monic subset of D X; Ω . Then the composition (f, g) w is called trivial
where each
If this is the case, we write (f, g) w ≡ 0 mod(S, w).
In general, for any two polynomials p and q, p ≡ q mod(S, w) means that
S is called a Gröbner-Shirshov basis in D X; Ω if any composition (f, g) w of f, g ∈ S is trivial modulo (S, w).
Lemma 3.5 Let S be a Gröbner-Shirshov basis in
, where each
Proof: There are three cases to consider.
By Lemma 3.4, we have lc(D
(ii) D l 1 (s 1 ) and D l 2 (s 2 ) have nonempty intersection but do not include each other. Without lost of generality we can assume that
where Π| D l 1 (s 1 )a is a normal D l 1 (s 1 )a-word and Π| bD l 2 (s 2 ) is a normal bD l 2 (s 2 )-word. Thus, we have
Since S is a Gröbner-Shirshov basis in D X; Ω , we have
< w. It follows that
Similar to (ii), we can obtain the result.
The following theorem is an analogy of Shirshov's Composition lemma for Lie algebras [20] , which was specialized to associative algebras by Bokut [4] , see also Bergman [3] . Theorem 3.6 (Composition-Diamond lemma) Let S be a monic subset of D X; Ω , Id(S) the ideal of D X; Ω generated by S and > the order on L(X) defined as before. Then the following statements are equivalent:
Proof: (I)=⇒ (II) Let 0 = f ∈ Id(S). Then by Lemma 3.3, we can assume that
We arrange these leading terms in non-increasing order by
Now we prove the result by induction on m.
If
We prove the result by induction on w 1 . Since S is a Gröbner-Shirshov basis in D X; Ω , by Lemma 3.5, we have
If either m > 2 or α 1 + α 2 = 0, then the result follows from induction on m. If m = 2 and α 1 + α 2 = 0, then the result follows from induction on w 1 .
(II)=⇒ (III) For any f ∈ D X; Ω , by induction onf , we have
By (II), we haveḡ = u i / ∈ Irr(S) for some 1 ≤ i ≤ n, a contradiction. Hence, Irr(S) is K-linearly independent. This shows that Irr(S) is a K-basis of D X; Ω|S .
(III)=⇒(I) For any composition (f, g) w in S, since (f, g) w ∈ Id(S) and (III), we have
≤ (f, g) w < w. This shows (I).
4 Gröbner-Shirshov bases for free λ-differential RotaBaxter algebras
In this section, we obtain a Gröbner-Shirshov basis and a linear basis for a free λ-differential Rota-Baxter algebra. Consequently, we construct the free λ-differential RotaBaxter algebra on set X. Let K be a field and λ ∈ K. A differential Rota-Baxter algebra of weight λ ( [15] ), called also λ-differential Rota-Baxter algebra, is an associative K-algebra R with two K-linear operators P, D : R → R such that for any u, v ∈ R, (i) (Rota-Baxter relation) P (u)P (v) = P (uP (v)) + P (P (u)v) + λP Hence, any λ-differential Rota-Baxter algebra is a λ-differential associative algebra with operator Ω = {P }.
Throughout this section, we assume Ω = {P } and D X; Ω the free λ-differential associative algebra with operator Ω.
Let S be the subset of D X; Ω consisting of the following polynomials:
1. P (u)P (v) − P (uP (v)) − P (P (u)v) − λP (uv), u, v ∈ L(X),
D(P (u)) − u, u ∈ L(X).
Denoted by f (u, v) = P (u)P (v) − P (uP (v)) − P (P (u)v) − λP (uv), u, v ∈ L(X). 
(ii) If λ = 0, then mod(S, D j (P (u))P (v))
where u ∈ L ⋆ (X), v, w, v ′ ∈ L(X) and i, j ≥ 0.
Similar to the proof of (i), we can prove that all compositions are trivial modulo S.
Let Y and Z be two subsets of L(X). Define the alternating product of Y and Z (see also [11] We note here that Theorem 4.4 is also obtained by L. Guo and W. Keigher in [15] by using the planar decorated rooted trees.
